Introduction
Let Σ g be a closed orientable surface of genus g ≥ 2. Let M n g,r be the mapping class group of Σ g relative to n distinguished points and r fixed embedded disks. The action of M n g,r on the homology of Σ g induces a surjective homomorphism M n g,r → Sp(2g, Z), where Sp(2g, Z) is the Siegel modular group. The Torelli group I n g,r is defined to be its kernel so that we have an extension 1 → I n g,r → M n g,r → Sp(2g, Z) → 1. We omit the decorations n and r when they are zero.
In a series of papers [7, 8, 9, 10] , D. Johnson obtained several fundamental results concerning the structure of I g and I g,1 (see also [11, 2] ). In particular, he proved that I g and I g,1 are finitely generated for all g ≥ 3. On the contrary, A. Miller and D. McCullough [14] showed that I 2 (and hence I n 2,r for all n, r ≥ 0) is not finitely generated. G. Mess [13] showed that I 2 is a free group on infinitely many generators. Johnson and J. Millson showed that H 3 (I 3 , Z) contains a free abelian group of infinite rank (cf. [13] ). It is not known whether I n g,r is finitely presented for g ≥ 3. In this paper, we will prove: Theorem 1. For all n ≥ 0, the rational homology H * (I n g , Q) of the Torelli group I n g is infinite dimensional over Q if g is sufficiently large compared with n. In particular, H * (I g , Q) and H * (I 1 g , Q) are infinite dimensional for g ≥ 7. This theorem yields the negative answer to the question posed by Johnson [11] which asks whether the Torelli space T 1 g (see §2 for the definition) is homotopy equivalent to a finite complex, provided g ≥ 7.
For n + r ≤ 1, let K n g,r be the subgroup of M n g,r generated by all the Dehn twists along separating simple closed curves. The groups K g,1 and K g are related to the Casson invariants of homologly 3-spheres through the work of S. Morita [15, 16] . For g = 2, K 2 is equal to I 2 so that it is a free group on infinitely many generators. In contrast, the group K g is not free for g ≥ 3 and almost nothing is known about the structure of this group, however, we can prove: Remark 1. There is no general agreement on the definition of I n g,r when r + n > 1. We employ the one which was used in [2] . It differs from that which was given in [9] .
Preliminaries
In this section, we recall relevant definitions and facts concerning of Torelli groups which will be used later. The reader should refer to [2, 4] for further detail.
Let T Γ(L) is a torsion-free subgroup of finite index of Sp(2g, Z) and hence acts on S g freely. The quotient space Γ(L)\S g is identified with the moduli space of principally polarized abelian varieties of dimension g with level L structure. It is known that Γ(L)\S g is homotopy equivalent to a finite complex (see [1, 18] 
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Proof of Theorem 1
Fix an integer L ≥ 3. Since S g is contractible, the projection S g → Γ(L)\S g is the universal principal Γ(L)-bundle. The associated bundle
is nothing but the Borel construction of the Γ(L)-space
Note that the associated bundle (2) is identified, up to homotopy, with the fibration
is finite dimensional. As Γ(L)\S g is homotopy equivalent to a finite complex, we may apply the following lemma to the associated bundle (2): Lemma 1. Let F → E → B be a fibration such that B is a finite complex and dim Q H * (F, Q) < ∞. Then dim Q H * (E, Q) < ∞ and
This lemma is a direct consequence of the Serre spectral sequence applied to the fibration F → E → B. As a result, one has
and hence
where e denotes the orbifold Euler characteristics. According to G. Harder [3] , one has
while according to J. Harer and D. Zagier [5] , one has
where ζ is the Riemman ζ-function. See also [17, 12] . Hence the equality (3) leads to
) must be an integer and the proof of Theorem 1 is then completed by virtue of the following lemma which will be proven in the next section. Then, for each n ≥ 1, e(m, n) is not an integer for sufficiently large m compared with n. In particular, e(m, 1) is not an integer for all m ≥ 6.
The proof of Lemma 2
Recall that the Riemann ζ-function is defined for Re s > 1 by
On the other hand, the equality
holds for any integer k ≥ 1. It follows that
for any integer k ≥ 1, and hence
for any integer m ≥ 1. We claim that the right hand side of the inequality converges to 0 as m → ∞. Indeed, regarding the right hand side as a numerical sequence with respect to m, the ratio of the (m + 1)-th term to the m-th term is given by
This converges to 0 as m → ∞, hence verifying the claim. We conclude that e(m, n) < 1 and hence e(m, n) is not an integer for m sufficiently large compared with n. The first assertion is proved.
To prove the second assertion, observe that (2π) 2k /(2 · (2k − 1)!) < 1 for k ≥ 9. It follows that e(m, 1) is strictly decreasing with respect to m for m ≥ 9. On the other hand, with the help of a computer, one has
We see that, for all m ≥ 14, e(m, 1) < 1 and hence e(m, 1) is not an integer. It remains to be proven that e(m, 1) is not an integer for 6 ≤ m ≤ 13. However, this can be verified by direct calculations and we omit the detail.
Remark 2. Actually, e(m, n) is not an integer for n < 678 and m ≥ 6 and hence H * (I n g , Q) is infinite dimensional for n < 678 and g ≥ 7. We describe briefly how this can be proven. Recall that ζ(1 − 2k) for positive integer k is given by
where B 2k is the 2k-th Bernoulli number defined as the coefficient of z 2k /(2k)! in the power series expansion of z/(e z − 1). On the other hand, von Staudt's theorem asserts that the denominator of B 2k is not divisible by a prime p if 2k < p − 1. By applying von Staudt's theorem to the primes 691 and 3617, the numerators of B 12 and B 16 respectively, we see that e(m, n) is not an integer for n < 678 and 6 ≤ m ≤ 1470. Now the assertion follows from the inequality
which holds for n < 678 and m ≥ 37.
Proof of Theorem 2
To prove Theorem 2, we first recall some of Johnson's results concerning the Torelli groups. Suppose g ≥ 3 and [Σ g ] ∈ ∧ 2 H 1 (Σ g , Z) corresponds to the fundamental class of Σ g . Under these conditions, Johnson constructed in [7] natural Sp(2g, Z)-equivariant surjective homomorphisms
and
and proved in [9] that ker τ 2,1 = K g,1 and ker τ 2 = K g . The homomorphisms τ 2,1 and τ 2 are called Johnson homomorphisms. For simplicity, we abbreviate
As a consequence, K g fits into the extension
Take the classifying space of each group in the extension to yield a fibration
Observe that BI g is homotopy equivalent to T g and B(∧ 3 H/H) is homotopy equivalent to the 2g 3 −2g-dimensional torus since ∧ 3 H/H is a free abelian group of rank where the center Z is generated by the Dehn twist ξ along a simple closed curve parallel to the boundary of a fixed embedded disk D ⊂ Σ g . Now the Dehn twist ξ is contained in K g,1 and hence τ 2,1 induces a homomorphism τ 
